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FREE BOUNDARY MINIMAL SURFACES IN THE UNIT 3-BALL 


ABIGAIL FOLHA, FRANK PACARD, AND TATIANA ZOLOTAREVA 


Abstract. In a recent paper A. Fraser and R. Schoen have proved the ex¬ 
istence of free boundary minimal surfaces £ n in B 3 which have genus 0 and 
n boundary components, for all n > 3. For large n, we give an independent 
construction of and prove the existence of free boundary minimal surfaces 
£ n in B 3 which have genus 1 and n boundary components. As n tends to 
infinity, the sequence converges to a double copy of the unit horizontal 
(open) disk, uniformly on compacts of B 3 while the sequence £ n converges 
to a double copy of the unit horizontal (open) punctured disk, uniformly on 
compacts of B 3 — {0}. 


1. Introduction and statement of the result. 

In this paper, we are interested in minimal surfaces which are embedded in the 
Euclidean 3-dimensional unit open ball B 3 and which meet S' 2 , the boundary of 
B 3 , orthogonally. Following [2], we refer to such minimal surfaces as free boundary 
minimal surfaces. 

Obviously, the horizontal unit disk, which is the intersection of the horizontal 
plane passing through the origin with the unit 3-ball, is an example of such free 
boundary minimal surface. Moreover, it is the only free boundary solution of topo¬ 
logical disk type, [7]. Let s* > 0 be the solution of 

s* tanh s* — 1. 

The so called critical catenoid parameterized by 

(s, 9) -—- (cosh s cos 9 , cosh s sin 8, s ), 

s* coshs* 

is another example of such a free boundary minimal surface. A. Fraser and M. Li 
conjectured that it is the only free boundary minimal surface of topological annulus 
type [J. 

Free boundary minimal surfaces arise as critical points of the area among surfaces 
embedded in the unit 3-ball whose boundaries lie on S 2 but are free to vary on S 2 . 
The fact that the area is critical for variations of the boundary of the surface 
which are tangent to S 2 translates into the fact that the minimal surface meets S 2 
orthogonally. 

In a recent paper [3], A. Fraser and R. Schoen have proved the existence of 
free boundary minimal surfaces £„ in B 3 which have genus 0 and n boundary 
components, for all n > 3. For large n, these surfaces can be understood as the 
connected sum of two nearby parallel horizontal disks joined by n boundary bridges 
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which are close to scaled down copies of half catenoids obtained by diving a catenoid 
which vertical axis with a plane containing it, which are arranged periodically along 
the unit horizontal great circle of S 2 . Furthermore, as n tends to infinity, these free 
boundary minimal surfaces converge on compact subsets of B 3 to the horizontal 
unit disk taken with multiplicity two. 

We give here another independent construction of £ ra , for n large enough. Our 
proof is very different from the proof of A. Fraser and R. Schoen and is more in the 
spirit of the proof of the existence of minimal surfaces in S 3 by doubling the Clifford 
torus by N. Kapouleas and S.-D. Yang [4] . We also prove the existence of free 
boundary minimal surfaces in B 3 which have genus 1 and n boundary components, 
for all n large enough. 

To state our result precisely, we define P n to be the regular polygon with n-sides, 
which is included in the horizontal plane R 2 x {0} and whose vertices are given by 

(cos (^pj , sin (^f\ , o) G R 3 , for j = 1,..., n. 

We define ©„ C 0(3) to be the subgroup of isometries of M 3 which is generated by 
the orthogonal symmetry with respect to the horizontal plane X 3 = 0 , the symmetry 
with respect to coordinate axis Ox 1 and the rotations around the vertical axis Ox 3 
which leave P n globally invariant. 

Our main result reads : 

Theorem 1.1. There exists no > 0 such that, for each n > no, there exists a genus 
0 free boundary minimal surface £„ and a genus 1 free boundary minimal surface 
£ n which are both embedded in B 3 and meet S 2 orthogonally along n closed curves. 

Both surfaces are invariant under the action of the elements of & n and, as n 
tends to infinity, the sequence T, n converges to a double copy of the unit horizontal 
(open) disk, uniformly on compacts of B 3 while the sequence £ n converges to a 
double copy of the unit horizontal (open) punctured disk, uniformly on compacts of 
B 3 - {0}. 

Even though we do not have a proof of this fact, it is very likely that (up to 
the action of an isometry of R 3 ), the surfaces £„ coincide with the surfaces already 
constructed by R. Schoen and A. Fraser. In contrast, the existence of £„ is new and 
does not follow from the results in [3j. The parameterization of the free boundary 
minimal surfaces we construct is not explicit, nevertheless our construction being 
based on small perturbations of explicitly designed surfaces, it has the advantage 
to give a rather precise description of the surfaces T, n and £„. Naturally, the 
main drawback is that the existence of the free boundary minimal surfaces is only 
guaranteed when n , the number of boundary curves, is large enough. 

2. Plan of the paper. 

In section 3, we study the mean curvature of surfaces embedded in B 3 which are 
graphs over the horizontal disk D 2 x {0}. In section 4 we analyse harmonic functions 
which are defined on the unit punctured disk in the Euclidean 2-plane and have 
log type singularities at the punctures. In section 5 for every n £ N large enough 
we construct a family of genus 0 surfaces S n and a family of genus 1 surfaces S n 
embedded in B 3 which are approximate solutions to the minimal surface equation, 
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meet the unit sphere S 2 orthogonally and have n boundary components. In section 
6 we consider all embedded surfaces in B 3 which are close to S n and S n and meet 
the sphere S 2 orthogonally. In section 7 we analyse the linearised mean curvature 
operator about S n and S n . Finally, in the last section we explain the Fixed-Point 
Theorem argument that allows us for n large enough to deform S n and S n into free 
boundary minimal surfaces X n and S„ satisfying the theorem ( 0 ). 

3. The mean curvature operator for graphs in the unit 3-ball 

We are interested in surfaces embedded in B 3 which are graphs over the horizon¬ 
tal disk D 2 x {0}. To define these precisely, we introduce the following parametriza- 
tion of the unit ball 

X(ip,cp,x 3 ) :=------ (sin'll)e^,smhx 3 ) , 

cosh X 3 + cos ip ' 

where ip £ (0,7t/2), cp £ S 1 and X 3 £ R. The horizontal disk D 2 x {0} corresponds 
to X 3 = 0 in this parametrization and the unit sphere S 2 corresponds to ip = ir/2. 
Also, the leaf X 3 = £3 is a constant mean curvature surface (in fact it is a spherical 
cap) with mean curvature given by 

H = 2 sinha;®, 

(we agree that the mean curvature is the sum of the principal curvatures, not the 
average) moreover, this leaf meets S 2 orthogonally. 

In these coordinates, the expression of the Euclidean metric is given by 

x ‘ 9 ™ d = (cosh*, + cos W + >ain *'> 2 ^ ■ 

We consider the coordinate 

Sin ^ c <» 

1 + cos ip 

which belongs to the unit disk D 2 C C. We then define X by the identity 

A (z,x 3 ) = X(ip,cp,x 3 ), 
where z and (ip, <p ) are related as above. Then 

X(z,x 3 ) = A(z,x 3 )(z,B(z) sinh X 3 ), 
where the functions B and A and explicitly given by 

B(*) = 5 (1 + W). A(*,x 3) = 1 + iiM(c ) shl3 _ ir 

In the coordinates z £ D 2 and X 3 £ R the expression of the Euclidean metric is 
given by 

X*g eU ci = A 2 (z, x 3 ) ( dz 2 + B 2 (z) dx\) . 

In the next result, we compute the expression of the mean curvature of the graph 
of a function z 1 —> u(z) in B 3 , and by such a graph we mean a surface parametrized 

by 

z £ D 2 i-a X{z,u{z)) £ B 3 . 

We have the: 
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Lemma 3.1. The mean curvature with respect to the metric X*g euc i of the graph 
of the function u, namely the surface parametrized by ( z,u(z)), is given by 


H{u) = 


A 3 (u)B 


div 


XMJASL ) + 2 ' A + W |V„P sinhi 

yi + s 2 |Vu| 2 ) 


where by definition A(u ) = A(-,u). In this expression, the metric used to compute 
the gradient of u, the divergence and the norm of Vu is the Euclidean metric on 
D 2 . 

Proof. The area form of the surface parametrized by z = X\ + ix-i i-a ( z,u(z )) is 
given by 

da := A 2 (u) y/l + B 2 |Vw| 2 dx\ dx 2 , 
and hence the area functional is given by 

Area(w) := 11 A 2 (u) i/l + B 2 |Vu| 2 dx 1 dx 2 . 

The differential of the area functional at u is given by 

ri A . , , ff( A 2 (u) B 2 X/u ■ Vv 
DA rea| u (w) = J ' 


But 


Id- \ y/1 + B 2 |Vu | 2 

d x3 A = — A 2 B sinhx 3 


2A{u) d X 3 A(u)\/l + B^\^ii^ v \ dx\dx-i. 


and hence we conclude that 
-DArea| u (v) = 

( div ( = ==^ ] +2 A 3 (u) B \Jl + B 2 |Vu | 2 sinh u ] v dx\ dx 2 . 

° 2 \ \ vl + D 2 |Vw| 2 y J 

To conclude, observe that the unit normal vector to the surface parametrized by 
z ha- X(z,u(z)) is given by 


N := 


1 


and hence 


A(u) y + B 2 |Vu | 2 


geucl {Af, d X3 ) — 


—B Vm + — d 
B ' 


A(u)B 


\Jl + B 2 |Vm | 2 

so that 

g eU ci{N,d X3 )da = A 3 (u)B , 

and the result follows from the first variation of the area formula 


DArea|„(i;) = — 
This completes the proof of the result. 


JJ H(u) g euc i (N, d X3 )v da. 


□ 


Using the above Lemma, we obtain the expression of the linearised mean curva¬ 
ture operator about u = 0. It reads 

/I 4- Izl 2 

(3.1) L gr v = A(Bv) = A ' 1 

where A is the (flat) Laplacian on D 2 . 
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Lemma 3.2. Take a change of variables in D 2 : z = re 1 ^, r £ (0,1), <f> £ S 1 and 
a function u £ C 1 (£) 2 ), such that = 0. Then the graph of u in B 3 meets the 

sphere S 2 orthogonally at the boundary. 


Proof The surface parametrized by (r,<f>) H > X(r e 1 ^,u(r,<f)) is embedded in B 3 
and meets dB 3 at r = 1. The result follows from the fact that the tangent vector 


T r (l)= d r X(re^,u(rJ)) 


1 

cosh 2 u{l,(j>) 


(e 1 ^, sinhu(l, </>)) , 


is collinear to the normal vector 


N s 


1 

coshu(l, (j>) 


(e*^,sinhu(l, </>)) , 


to the sphere S' 2 at the point X(e l<t> , u(l, 


□ 


4. Harmonic functions with singularities defined on the unit disk 


Take some number n £ N. Our goal is to construct a graph in B 3 which has 
bounded mean curvature, is invariant under the transformation z H > z and the 
rotations by — and is close to a half-catenoid in small neighbourhoods of the n-th 
roots of unity 

2-Trim 9 

z m = e " £ oD , to = 1,... n, 

(and, in the case of the second construction, to a catenoid in a small neighbourhood 
of 2 = 0). 

The parametrisation of a standard catenoid C in R 3 is 

X cat {s, 9) = (cosh se^,s) , (s,<0) £ R x S 1 . 

It may be divided into two pieces C , which can be parametrized by 

z £ C \ D 2 i-a (z, ± log \z\ =F log 2 + 0(|,z| -2 )), as \z\ —> oo. 

We would like to find a function T n , which satisfies 


L gr T n = 0 in D 2 (D 2 \ {0}) 
d r T'n = 0 on dD 2 \{z 1 ,...,z n } 


and which has logarithmic singularities at z = z m (and 0 = 0). Notice that the 
operator L gr in the unit disk with Neumann boundary data has a kernel which 
consists of the coordinate functions Xi, X 2 - This corresponds to tilting the unit disk 
D 2 x {0} in B 3 . The kernel can be eliminated by asking T n to be invariant under 
the action of a group of rotations around the vertical axis. 

Notice also that the constant functions are not in the kernel of L gr : by moving 
the disk in the vertical direction in the cylinder D 2 x K we do not get a minimal 
but a constant mean curvature surface in B 3 . 


Take a function G„, such that G n (z n ) = B(z ) T n ( 0 ). Then the problem (14.21) is 
equivalent to 


(4.3) 


A G n =0 in D 2 (D 2 \ {0}) 
d r G n -±G n = 0 ond£ 2 \{l}. 
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We construct G n explicitly. For all integer n > 2, we put 
(4.4) 

Writing 


°n( z ) := yi 


nj 


we see that also have the expression 


OO 

— = Y 

j -l ^ 

k=0 


1 


(nj) 


fe+i■ 


(4.5) 


G n (z) + Re ( ^ 


H k (z) 


\k—0 


where, for all k £ N, the function Hk is given by 


(4.6) 


H k (z) -.= Y~ 


k +1 ‘ 


3 =1 


Observe, and this will be useful, that 

(4.7) Hq(z) = — ln(l — z). 

Obviously, G n is harmonic in the open unit disk. Making use of (14.61) . we see 
that, for all k > 1, 

d r (ReiJfc) = ReHk-i, 
on dD 2 , while it follows from (14.71) that 

d r (Re H 0 ) = i, 

again on dD 2 — {!}. Therefore, we conclude from ()4.5I) that 


n d r G n -G n = 0, 

on dD 2 . 

For all integer n > 1, we define in D 2 — {0}, the function G n by 
(4.8) G n (z) :=-n-\og\z\. 

Again G n is harmonic in D 2 — {0} and we also have 

n d r G n - G n =0, 

on dD 2 . 

To complete this paragraph, we define 

r„(z) := Gn(z n ) and f n (z) := G n (z n ). 

B(z) B(z) 

By construction, L gr T n = 0 in D 2 and d r T n = 0 on dD 2 , away from the n-th roots 
of unity ; while L gr f n = 0 in D 2 — {0} and d r T n = 0 on dD 2 . 
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4.1. Matching Green’s function. Take two parameters 0 < e < 1 and 0 < f < 1 
and consider a catenoid Cg in R 3 , parametrized by 

X~ at : (s^JglxS 1 >-»• (fcoshs fs) , 

and n half-catenoids C e>m , m = 1,..., n 


x^t-. (M)eix 


7T 37T 

2’T 


(e cosh s e l6 + z m , es) 


centered at the n-th roots of unity z rn . In a neighbourhood of z = 0 (z = z m ), we 
can take a change of variables 

z = ecoshs e 1 ^, (z = z m +£ coshs e l °), <j) G S 1 , (9 G [— 9 e + 2Trm/n, 9 e + 2Trm/n]) 

s G [ sg, 0] and s G [0, sg], (s G [-s e ,0] and s G [0, s e ]), 

for certain parameters sg, s e G (0,+oo) and 9 e G (0, 7t/ 2). We can parametrize the 
lower and the upper parts of Cg and G £jm as graphs 

z 1 x (z,± Gf ai ) , ^ (z, ± G“^) , 

where in some small neighbourhoods of z = 0 (z = z m ), 


Gg at (z) = flog | - flog \z\ + O (f 3 /k| 2 ) , 

G c e %(z) = elog^ -elog|z-z m | + O (e*/\ z ~ z m \ 2 ) 

Our goal is to find positive parameters r and f and a connection between e and f, 
such that the function 

z e->- r G n (z n ) + t G n (z n ), 

would be close to Gf at in a neighbourhood of 2 = 0 and to Gin a neighbourhood 
of z = z m . We denote 


fn(z) := Y 
k—Q 


H k {z n ) 

n k 



z nj 
jk+1 ’ 


and remind that G n (z n ) = — f + R ef n (z). It is easy to verify the function f n (z) 
satisfies 

^ i z ) = -j: !og(i - z n ) + ~ z f„{z), 

which yields 

— (In:) - nzn ~ 2 

dz \ z ) z n — 1 







8 


ABIGAIL FOLHA, FRANK PACARD, AND TATIANA ZOLOTAREVA 


We can write 


nz 


n —2 


n —1 

„ r n—2 r _ „n—l—k„k 

/ j ~ 

k —0 


z n - 1 2ra(2 - Xm) Z m (z n ~ 1) 

n— 1 

E + w”- 2 ) -*) + E * n ” 1 ~ fc (* fc - 1 - 4E) 

A:—0 


n— 1 

E ; 

k —2 


Z m {z n - 1) 


n—1 

y ( y — y ^ \ ' yTl 1 k ~,k 

4 'm\ 4 ' **m) / j ** ^rn 

k=0 


n —1 k —2 

— Z n ~ 2 + ZmYj Z n ~ 1 ~ k Z k ~ 2 ~ l Z l 
_ k —2 _ 1—0 

n —1 

^ tyTh 1 k *yk 

/C "m z_^ ~ * m 

k =0 


m 


■■= h n (z). 


The function h n (z) is continuous in a small neighbourhood of z = z m and 

^ CTlj 

for a constant c which does not depend on n. So, we have 


d_ ( f , 

dz 


1 


Zm(z Zm) 


= h n (z), 


which yields that in a neighbourhood of z = z m 

— log (z-z m ) = — lim (f n (z) + \og(z-z m )) + [ h n (z)dz, 

Z Z m Z m z ~* z rn J z 

where the integral is taken along the segment of the straight line passing from z 
to z m and by log we mean the principal value of complex logarithm defined in the 
unit disc deprived of a segment of a straight line which doesn’t pass thought any 
of the n-th roots of unity. We have 

oo .. oo oo 2 

E 5 W) = EE35Tld 


fc =i 


fc=i j =i 


n J 


7T 

6n ’ 


Moreover, 


Re lmi (- log(l - z n ) + log( 2 T - z m )) = - log I nz^ 1 | = - logn. 

So, in the neighbourhood of z = z m , we have 

Ti 

G n (z n ) = - - + c(n) + log \z - z m \ + 0(\z - z m \log - z m |) + 0(n\z - z m |), 

where |c(n)| < c logn for a constant c which does not depend on n and 

—n (f + t/ 2) — fnlog \z\ + 0(r\z\ n ), as \z\ —>■ 0 

tG„(z") + tG„(2") = { -n(f + t/2) + rc(n) - Tlog|z - z m \ + 

Q(t\z - z m | log \z - z m |) + 0 (rn\z - z m |), as \z - z m 
We should take r = e and nf = e. Moreover, we should have 
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This gives us the relation 

. sene n , . 

log i + ;-ii = -5 +c<n,+1 ' 

and 

I = + c(n) + 1) =: d{n), 

£ 2 

where 

Ti 1 

9 n{t) : t e (0, +oo) !->• logt - - f + - S (—oo, oo), 
is an everywhere decreasing function. Finally, we find 

£ = 2e -1- 2 d ( n ) anc i e = d{n)e. 

(In the case, where we do not have a singularity at z = 0 we just need to take 
e = e - ^ +c ("A We obtain for all /3 £ (0,1) 

(4.9) r G n (z n ) = elog-— - 1 + C>(£ 1- ' 3 1 z - z m |), as \z - z m \ -> 0 

2p - Zm | 

f elogoff + 0(£ 1- ^ |^| n ), as |z| ->■ 0 

rG n (/) + fG n ( Z )= 

elog-—- r + O ^ 1 P\z-z m \), as \z — z m \ —> 0 

f 2 \z — z m \ 

Finally, we put Q n (z) = TG n (z n )/B and Q n {z) = (fG n (z n ) + TG n (z n /B and 

[ 2e 1 °g^ + 0(e 1 “ /3 ^| 2 ), as |z| —>• 0 
= 2| 1 

elog-- - + 0 (e 1 p \z - z m \), as \z - z m \ -> 0 

f 2|^ — 2 m | 

Remark 4.1. We can now explain why our construction works only for large n. 
On one hand, in order to match the graph of the Green’s function Q n with catenoids 
we need to truncate the cantenoids far enough and scale them by a small enough 
factor. On the other hand, in the neighbourhood of singularities the constant term 
of Q n depends on the number of singularities n and, as constant functions are not in 
the kernel of the linearised mean curvature operator, this gives the correspondence 
between the scaling factors of the catenoids and n. 


5. Catenoidal bridges and necks 

In this section we explain the construction of the surface S n , invariant under 
the action of the group & n , which has bounded mean curvature, meets the unit 
sphere S 2 orthogonally at the boundary and is close to two horizontal disks ’’glued 
together” with the help of ” catenoidal bridges” in the neighbourhood the n-tli roots 
of unity. We will also denote S n the genus 1 surface, obtained from S n by attaching 
a ’’catenoidal neck” at z = 0. We will explain now what we mean by ’’catenoidal 
bridges” and ’’catenoidal neck”. 
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5.1. Catenoidal bridges. One of the possible constructions would be to ’’glue” 
the graph X(z,Q n (z)) together with minimal stripes obtained by intersecting eu¬ 
clidean catenoids centered at z = z m with the unit sphere. The difficulty of this 
approach is that those stripes would not meet the sphere orthogonally. We prefer 
to find a way to put half-catenoids in the unit sphere in the orthogonal way loosing 
the minimality condition. 


Remark 5.1. We describe below the construction of the surface S n . The construc¬ 
tion of the surface S n can be obtained by replacing the function Q n by Q n which 
has the same expansion in the terms of e at z = z m , taking into account that the 
relation between the parameters n and e changes. 

We use the notation C_ for the half-plane {z G C | Re(z) < 0}. For m = 1,..., n 
consider the conformal mappings 

A m :C.^D 2 , A ro (C) = e^[±|. 

These mappings transform a half-disk in the C_ centered at ( = 0 and of radius 
p < 1 to a domain obtained by the intersection of the unit disk D 2 with a disk of 
radius and a center at ■i±£ ? e ai F Z21 . Let {C, = £i + *£ 2 , £ 3 ) be the coordinates in 
C_ x R, then we define the mapping 

A m :C_ xK —> D 2 x R, A m (C,&) = (A m (C),2£ 3 ) • 


Consider the half-catenoid C e / 2 in C_ x R, parametrized by 


X c e f 2 : (< 7 , 0) G R x 


71 37T 
2 ’ ~ 2 ~ 


■ cosh( 




In the regions, where a > 0 or a < 0 we can take the change of variables 

7T 37T 


C = ^ e l9 = 7 - cosh a e v 
2 2 


9 G 


2 ’ 2 


and, having in mind that the function Q n defined in D 2 \ {z \,..., z n } is invariant 
under rotations by the angle —, consider a vertical graph over C_: 

(P,9) ^ , where G n {p, 9) = Q n {\m{p/^ e l8 )) 

In the neighbourhood of p = 0, we have \\ m {p/2e ie ) — z m \ = p + 0(p 2 ). So, 
using the expansion (14.911 for the function Q n in the neighbourhood of 2 = z m , we 
obtain a similar expansion for Q n in the neighbourhood of 0 : 

Gn(p,0) =elog^- + 0(£ l - p p), V/3 G (0,1). 

2 P 

At the same time the lower and the upper part of the C E /2 can be seen as graphs 
of the functions 

±Gt%(p) = ± £ -log^+0(e 3 /p 2 ). 

Now take a function T which is defined in the neighbourhood of |£| = e by 

t( p, e) = (1 - Up)) \ Snip, o) + Up) G c e %ip), 
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where y E is a cut-off function, such that 


r] £ = 1, for e<p<l/2 e 2 / 3 , y E =0, for p>e 2 / 3 . 


Using this, we can parametrize the surface S n in the region 


fl ™ at := A m je/2 coshere 10 : e cosher < l/2e 2 / 3 , 9 e [7 t/2 , 37 t/2 ]| , 



for 0 e n% u := A m {p/ 2e lS : 1/2 c 2 / 3 < p < 2c 2 / 3 , 0 e [tt/2,3t/2]} , 


where T m (z) is a function, such that T m (A m (p/2 e l6 )) = T(p,6). 

Remark 5.2. Orthogonality at the boundary 

In a neighbourhood of its m-th component of the boundary the surface S n (S n ) 
can be seen as the image by the mapping X o A m of a surface (which we denote 
S n ) contained in the half-space C_ x R. Consider a foliation of the half-space by 
horizontal half-planes. It is clear that every leaf of this foliation is orthogonal to 
dC- x R. Thus, the normal to dC- x R at a point is tangent to the horizontal 
leaf passing through this point. So, if there existed a tangent vector field along S n , 
horizontal at dS n , then it would have to be collinear to the normal to <9C_ x R. 

On the other hand, the image of the the foliation by horizontal half-planes by 
the mapping X o A m gives a foliation of the unit ball by spherical caps which are 
orthogonal to S 2 at the boundary. The horizontal vector field tangent to <9C_ x R 
is sent by this mapping to a vector field tangent to the sphere and to a spherical cap 
leaf. The result follows from the fact that the restriction of X o A m to horizontal 
half-planes is conformal. 

Finally in our case, the existence of the horizontal tangent vector field follows 
from the fact that dgX^ is horizontal and that dgQ n = dgG = dsVe = 0 at 


9 e {tt/2, 3tt/2}. 


Let H denote the mean curvature of the surface S n . 

Proposition 5.1. There exists a constant c which does not depend on e such that 
in the region 



we have 


|7I(A m (e/2 coshcre 10 )! < —-— 
' 1 cosh a 


Proof. The proof consists of calculating the mean curvature of C E / 2 with respect 
to the ambient metric 


(XoA m )*g eucl (C,f 3 ) = A 2 ( A m (C,&)) (dC 2 +R 2 (A m (C,£ 3 )R 3 2 ) 


4 


(dC 2 + (1 + IC| 2 ) 2 d£ 2 ) 


[11 ~ Cl 2 + (1 + IC| 2 )(cosh(2£ 3 ) — l)] 2 


a 2 (C,6) (dC 2 + 6 2 (C)d£ 2 ) =: g m ( C,6) 




12 


ABIGAIL FOLHA, FRANK PACARD, AND TATIANA ZOLOTAREVA 


where a(C,£ 3 ) = 


1 ~ Cl 2 + (1 + IC| 2 )( c °sh(2£ 3 ) — 1) 


and 6(C) =1 +|C| 2 . 


Let V e denote the Levi-Civita connection corresponding to this metric. We have 
the following estimates for the Christoffel symbols in a neighborhood of (C,C 3 ) = 
( 0 , 0 ): 

ril = -n 2 = r 2 2 = ± = 0(1), r? x = -r % 2 = -r} 2 = = o( i) 

rL = r 2 = r 3 3 = = o(&), rf, = ri, = — = o(&), 

lo zo oo a oq 3 ii zz ab z oq 3 

r 33 = -(£& + h wJ = r §3 = -(*W,+ °(!). 

rf 3 = i^ + i^ = o(i), rL = ±|^ + ±# = e>(i) 

r 1 — r 2 — r 3 — n 
1 23 — 1 13 — 1 12 — u 


Using (Cl = e/2 coshcr, C 3 = e/2 < 7 , and 


v| p s fi = s p a 9 x/;‘ + 


d \rcat 
P A e/2 


d q x$ 




where and stand for or dg and , k = 1,2, 3. We get 


v%d q -d v d q x i% (<7,fl) 


< ce 2 cosh 2 a, i = 1,2 


VS p d q ~ d P d q Xtf 2 (a, 6) 


<C£ cosh (7. 


The unit normal to C e / 2 with respect to the metric g m is 

1 


J\f(a,6) = 


a J dlUF + tanh2 


b ,0 1 

--— e , -tanh< 

cosh a b 


Using the the expansions for a and 6 in the neighbourhood of 0 and fact that the 
third coordinate of the vector d p d q X c e °j 2 is zero for all p and q we get the following 
expression for the second fundamental form : 


where 


( he) pq (a, 0 ) 


h £ (cr, 9) = e(dc T 2 - d(j) 2 ) + h e (a, 9), 

< c e 2 cosh a. On the other hand, we can write the expansion 


of the metric induced on C e / 2 from g m 

g e (cr, 9) = s 2 cosh 2 a(da 2 + d(j> 2 ) + g e (v, 9), 


where 


(9e) vo (^,0) 


< ce 3 cosh 3 cr. 


Finally, |%(e/2 cosher e l6 )\ = |tr(g e 1 f) £ ) (<7, 0)| < 


cosh ( 


□ 
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5.2. Catenoidal neck at z = 0. In a small neighborhood of z = e take the change 
of variables z = r (f € S 1 . Then, in the neighbourhood of z = 0, we have 

B(re^) = B(r) = | + 0(r 2 ). 

We remind that that r G n (z n ) + t G n (z n ) = Q n B is a function whose graph is close 
to the lower part of the euclidean catenoid scaled a factor e. Then, the graph of Q n 
is close to the lower part of the surface Cg, parametrized by 

X~ at : (s,/>) elxS 1 i—> (ecoshse'^,2 is). 

Let us define a cut-off function r ha r]~(r), such that 

T)g(r) = l for r£ 10, l/2e 1//2 ^, ?7~(r)=0 for r>2e 1 / 2 . 

Taking the change of variables: ecosh se 1 ^ = z = r e 1 ^, for s > 0 or s < 0 we can 
parametrize the lower and the upper part of Cg as vertical graphs 

z ha (z, ± 2 G| at ), 

where 



We define the function 

f : D 2 \ {0, zi,..., z m j —> R, 

f (r, 0) = (1 - V l(r)) Q n {r e«) + 2 4 Gf‘(r), 
and parametrized S n in the region 

n° ot := jecoshse 1 ^ : ecoshs < 1/2 e 1 / 2 , </> e 5* 1 ^ , 
by (s, <j>) ha X o X~ at (s , </>) and as a bi-graph : 

(r,c/0 ha- T|(re J0 ,f (r,</>)) U (re J0 ,-f(r,/>))| , 

for z G n° glu := {re^ : 1/2 e 1/2 <r< 2 c 1 / 2 , ^eS 1 }. 

We use the notations : 

B(s) = B{e cosh s) = ^(1 + e 2 cosh 2 s) and 

A(s) = Afecoshs,2es) = - , . - , _ . -—. 

w v ’ ’ 1 + £?(s) (cosh(2 is) — 1) 

Proposition 5.2. There exists a constant c which does not depend on e such that 
in the region 

0/ Qt = jecoshse 1 ^ : ecoshs < 1/2e 1 / 2 , (/> G S' 1 j , 

the mean curvature of the surface S n satisfies 
| H(e coshse l ^)| < ce 1- ^, 


V/3G (0,1). 
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Proof. As in the proposition 15.11 we would like to calculate the mean curvature of 
C e with respect to the ambient metric 

X*g euc i(z,x 3 ) = A 2 (z, x 3 ) (dz 2 + B 2 (z)dx 2 ) =: g(z,x 3 ). 


We denote by V e the Levi-Civita connection corresponding to this metric. Then, 
in the neighborhood of (z,x 3 ) = (0,0) the Cristoffel symbols satisfy : 

fir = -fj 2 = ff 2 = = 0(\z\x 3 ), ff, = -f 2 2 = -fj 2 = = 0{\z\x 3 ) 

f} 3 = fia = r|a = XOA = 0(z 3 ), f?, = f| 2 = -^^ = Ofo), 

^33 = -(£& + = O(M), f§3 = + *lt) = O(kl), 

rf 3 = m + m = o(i*D, fi 3 =xoa +1 n=0(1*1) 

r 1 — f 2 — f 3 — n 

1 23 — 1 13 — 1 12 — u 
Using \z\ = ecoshs, £3 = 2es, and 

% p d q =d p d q xr+[d p xi at nd q xi at y 

where d p and d q stand for d s or dt , we get 

[X7 e dv d q — dpd q X~ at ] l (s,0) < ce 3 cosh 3 s, £ = 1,2 

[V| p a 9 - d p d q Xf ot ] 3 (s, 0) < ce 3_/3 cosh 2 s, V/3 G (0,1). 

The normal vector field to Cg with respect to the metric X* g euc i is 

1 


A f(s, <j>) = 


^/^+tenh 2 . 


, — tanh s 1 . 


cosh s B 


As the third coordinate of the vector d p d q X~ at is zero for all p and q, we get 
the following expression for the second fundamental form : 

fje(s, (/>)=£ ( ds 2 - d(j) 2 ) + hi(s, 4>), 

< ci 3 ~P cosh 2 s. On the other hand the metric induced on Cg 
from X*g euc i can be written as 

0e(s, 4 >) = e 2 cosh 2 s(ds 2 + d(f) 2 ) + gg(s, </>), 


where 


(hg) (s,</>) 

\ / VQ 


where 


(ffe) D0 ( s . 0) < ce 4 ^ cosh 2 s. Finally, 


\H(i coshse l?i )| = tr ^g- (s, (j>) < ce 1 13 , V/3 G (0,1). 


□ 
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5.3. The graph region. Away from the catenoidal bridges and the catenoidal 
neck, that is in the region 

n gr :={z£D 2 : 2e 1 / 2 <H<l}\ m U i A ro {ceC_ : |C|<2e 2/3 }, 
we parametrize the surface S n as a bi-graph 

X {{z,Gn(z)) U (Z,-G n (z))} . 

Proposition 5.3. There exists a constant c which does not depend on e, such that 
in the region 

Mgr u n° lu u 

a m— 1 y 


= {z£D 2 :l/2e<\z\<l}\ U A m {(eC_ : \(\ < 1/2 e 2 / 3 } , 

m =1 L ) 


the mean curvature TL of S n satisfies 

(5.10) \H{z)\ < ce 3 -? ^ +J2 \ z J ^|4 j ’ V ^ e (°’ 1 )’ 

Proof. According to the lemma (13.11) . the mean curvature of the graph X (z, u(z ))), u £ 
C 2 (D 2 ) satisfies : 

H(u) = 1 div ( AAu ^ D ~ Vu \ + 2 ^/i + B^Vu ] 2 sinhrt 

W A 3 (u)B y + B 2 |Vit | 2 ) V ' ' 


2 B^JuS7A(u) | 2 VBVu | 1 PAu 

^/u)^/TTb^^ + A{u)^/T^B^^ + a(u)^/TtW^^ 


1 P 2 VPVu|Vu | 2 
I(u) (1 + £? 2 |Vit | 2 ) 3 / 2 


1 P 3 Hess u (Vit, Vu) 
2 A(u) (l + _B 2 |Vu | 2 ) 3 / 2 


+ 2 -^/l + B 2 |Vu | 2 sinh u 


= A (2?«) + P 3 (n, Vu, V 2 u) 

where P 3 is a bounded nonlinear function which can be decomposed in entire series 
in u and the components of Vzi and V 2 u for ||u||gi < 1 with terms of lowest order 3 
and where the components of Vu appear with an even power and the components 
of V 2 zi only with the power 1. 

In the region f l gr the surface S n is parametrized as a graph of one of the functions 
± Q n , where 

~ STL 

B{z) Q n (z) = —— + eRe(f n (z)) + clog \z\ + e, 
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Studying the behaviour of the function f n (z ) one can easily verify that 


Gn{z) < ce ( | loge| + |log |2;|| + Y l lo §l 2 - z 


V£ n (z) 


< CE 


1 ” 1 

u + u— 


m— 1 


v 2 g n (z) 


< CE 


n 

V_ - 

\y — 7. 


m —1 


As A ^ BQ n ^ = 0, analysing carefully the terms in P^(g n , Vg n ,V 2 g n ) one can see 
that (15.101) is true in f l gr . 

In the regions f l™ lu the surface S n is parametrized as a graph of one of the 
functions ±2 Y m , where 

T m (A m (p/2e ie )) = T (p,9) = (1 -fje{p))\Q n (p,0) + Up) <%}&)■ 

In the neighbourhood of C = 0 we have: 

v, = i v c (i + o(|CD), v 2 = i v 2 (i + o(KD). 

Using that |A m (p/2e 1 ®) — z m I = p + 0(p 2 ), we obtain 


g n ~ G c e % = 0{e loge), g n - G c e % = 0(e 1 ~ p p), 


VQn 




VG 


cat 

e/2 



V(& - G%%) 


Ois 1 -?), 


v 2 g, 


V 2 /^icat 

U e /2 



V 2 (e„ + G^) 




We introduce the function 

B(p,0) = b( A m (|e iS )) 


1 + 11 1 + f eie ) / (l ~ f e ie ) 

2 


1 +0(p). 


We have 

d p B ~ d 2 p B ~ = 0(1), dp - cp = O(p). 


On the other hand, the cut-off function rj e satisfies 


Ve = 0(1), 




VT = i(l - fj e ) V£„ + %VG^‘ + 



Using that 
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V 2 T = ^(1 - fj e ) V 2 £„ + fj e X 2 G c E % 

+ 2 Vfj E (v (g"% - + v 2 fj e (g c e % - - 2 a r }j , 

we get the estimates 

|vt| = °( £ 7“)’ |y2t| = ° (y?)' 

and 

P 3 (T) = o(^~Pj =0(e 1 / 3 -^), 

for all p G (0,1). We also have 

A,= j|l-C 2 |A c , 

where A z and are Laplacian operators in coordinates z and £. So, 

A (b G c e f 2 ^j = G e/2 A B + 2 VB \7G c e f 2 + B A G c E f 2 = O (^j . 

Putting this calculations together, we check that in the mean curvature of S n 
satisfies 

n = O (e 1/3 ~^ , V/?G(0,1). 

An identical proof shows that in we have H = C , (e 1_ ' 9 ). □ 


6. Perturbations of S n 

Recall that the surface S n can be seen as an image by the mapping A of a surface 
S n (constructed in the previous paragraph) which is contained in the unit cylinder 
D 2 x R. We would like to calculate the mean curvature of small perturbations of 
S n and to this end we calculate the mean curvature of small perturbations of the 
surface S n with respect to the metric g = X*g e uci- 

Let, as before, A/" denote the unit normal vector field to Cg with respect to the 
metric 

g(z, x 3 ) = A 2 (z, x 3 ) ( dz 2 + B 2 (z) dxf) . 

and take a function w G C 2 (S n ) small enough, invariant under rotations by the angle 
— and the transformation z i-> z. We denote S n (w) the surface parametrized by 

(s, (j)) G R x S ’ 1 i-A X~ at (s , (f)) + w(s, (f>) J\T(s, <f>), 
in region 0,Q at . Furthermore, in the region 
n gr un° glu = {zeD 2 : l/2e 1 /2 < |.| <1 j\^ Am | CeC _ . | C |< 2e 2 / 3 }, 
we parametrize S n (w ) by 

z <-> (z,± T(z)') ± w{z) E g(z), where Eg = (1 - 77?) d X3 + rf E ^ AT, 
where rj~(\z\) is the cut-off function defined in the paragraph 6.2. Notice that in 
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In the neighbourhood of the n-th root of unity z m the surface S n can be seen 
as an image by the mapping A m of a surface S n contained in C_ x R. We put 
w = w o X m g C 2 (S n ) and parametrize S n {w ) in the region IVf at by 

(a, 0) € R x [tt/2, 3tt/2] fa A m (x$(a, 6) + ^ wN{a, 0)) , 

where Af is the unit normal vector field to the half-catenoid C e / 2 with respect to 
the metric 

g m (c,&) = (A m o x)*g euc i = o 2 (C, 6 ) {d( 2 + b 2 (0 d£) . 

In the regions we parametrize S n (w ) by 

C ^ A ro ((C,±T(C)) ± tu(z)3 e (0) , where Eg = i ((1 - fj e ) % + r? e aAf), 

and ?7e(ICI) be the cut-off function, introduced in the paragraph 6.1. Notice that in 

we have 

Pe|l ffm -^ll%ll 9m = l + 0(£ 4/3 )- 

Remark 6.1. We multiply the vector field Af by the factor a in order to make the 
vector field 

dg {aAf) (C) , 

horizontal. In this case, the condition sufficient for S n {w) to be orthogonal to the 
unit sphere is 

dg{w) | ee { fi ^} = 0 . 

Notation 6.1. Let fl denote a coordinate domain we work in. From now on, when 
we don’t need a more detailed information, we use the following notations : 

• L for any bounded second order linear differential operator defined in Q (in 
other words Lw is a linear combination of w and the components of'Vw 
and V 2 w with coefficients which are bounded functions in f l, where V and 
V 2 are the gradient and the Hessian in the chosen coordinates). 

• Q k (w,Vw,'V 2 w), k £ N, for any nonlinear function, which can be decom¬ 
posed in entire series with terms of lowest order k, and where the com¬ 
ponents of V 2 w appear only with power 1. We will also use the notation 
Q k (w) for brevity. 

• Let 7 6 be a positive real function. We denote L 1 w and Q k,1 {w) 

functions which share the same properties as Lw and Q k ( w ) with the only 
difference that the components of the gradient and the Hessian of w are 
calculated with respect to the metric 7 -2 g e uci- 

For example, if we work in the coordinates (r, (f >) and take 7 = r, then 
L 7 will be a linear differential operator in r 2 d 2 , <9 2 , rd 2 ^, rd r and d 

6.1. Mean curvature of the perturbed graph. In the region 

n gr = {zeD 2 : 2e 1 / 2 < \z\ < 1} \ UA m {(eC_: |C| < 2e 2/3 }, 

m =1 

we suppose that ||u , ||c 2 (n gr ) < 1- Then, the mean curvature of S n (w ) satisfies 
H{w) = H{ 0) + A {B w) + P 3 (p n + w) . 
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Analysing carefully the the terms of P 3 and the expansion of the function Q n , we 
get 

( 6 . 11 ) 

H(w) =n(0) + A(Bw) 


+max 


+max • 




V 2 ^ 


V£7„ 




v 2 g n 






v 2 g n 


| Q 2 {w) + Q 3 (w) 


L w 


We introduce the weight functions 

n 

70 ( 2 ) = \z\, 7 m(-) = \z - z m \, m = 1 ,... ,n and 7 ( 2 ) = \z\ H \z - z m \. 


m—1 


Then, (using the relation between e and e) (16.111) can be written as 

n{w) =h(o) + a(Bw) + ~r~ LZ w + ^’ 7 H + ~r <# 7 M- 

for all /? £ (0,1). (We use the lower index to indicate the coordinate system we 
work in). On the other hand, in the neighbourhood of z = 0 we have 

H(w) = n(0) + A (Bw) + -L- LJ w + -rLj Ql™{w) + Ql™{w), 


and in the neighbourhood of z = z n 

_ 2-0 

U(w) =H(0)+A(Bw)+- l 


Z - Z r , 


wi+i 


14 z 


■ Q 2 n m {w)+- 


Z - Z„ 




Tl 

for all /? £ ( 0 , 1 ) (where we used — < — in the neighborhood of z m )- 

7 7 m 

6.2. Mean curvature of the perturbed neck. In the region 

n° cat = {zeD 2 : e<|«|<l/2e 1 / 2 }, 

the surface S n (w ) is parametrized as a normal graph around Cg for the function 
u — 1/2 w. We suppose that 


( 6 . 12 ) 


£ cosh s 


< 1 , £ coshs* = 1/2 £ 


1/2 


C 2 ((-s»,s,)xS 1 ) 

The tangent space to S n (w) is spanned by the vector fields 

T s {u) =T S + d s uAf + u d s J\f, T<t>{u) = T</> + d^uAf + u d^Af, 

and let us choose functions v, x, g £ C°°(K), such that u(0) = x(0) = g( 0) = 0 and 

Af(u) = Af + v(u) Af + k{u) T s + g(u) T/,, 

is the normal unit vector held to S(w). We have 
(6.13) 


g{u) (AT(u),f s (u)j = 0, g(u) (Af{u), = 0, g(u) (j\f (u), Af (u)^ 


= 1. 


where g(u) is the scalar product corresponding to the metric g taken along S(w). 
Using the expression for g , we get 

1 


g{u){sn)~g{s,(f) = (e 1 p L St4 ,u + Q 2 s rj> (u)) g(s, </>)+( £L S , 0 u + 


cosh 2 s 


Qs,4>i u )) dx 3 
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and from (16.1 dll , we deduce that 

v{u) = e 1-/3 L s ,0 u + Ql^{u) 

1 1 e 1_/3 

- -2~d s u + —- 5 - L s ^ u + —- —~2 Q 2 s ^iu) 

£ z cosh s cosh s £ z cosh s 

1 1 £ 1-/3 

- 72 -^ u + — - 1 -L S:</> u + — 9 Ql^u), 

£ z cosh s cosh s e z cosh s r 

where we used the fact that dx^(T s ,J\f) and dx^(T^.J\f) can be bounded by a 
constant times i and the estimate 


g(T p , T q ) — e 2 cosh 2 s 5 P 


< cs 3 , 


where T p and T q stand for T s or T^. We can write the normal vector field to S(w) 
in the form 


A f(u) = JV --- - T - (d s uT s + d^uT^ 

cosh s \ 


£ 2 cosh 2 s 
+ [e 1 13 Ls^u + Ql ^u)] + 


£ £ ^ 

' Ls ’ tt> U + met c Qs,<t>( U ) 


T 


coshs ’ coshs 
where [*]-*- and [**] T denote a normal and a tangent vector fields of norm * and **. 

We denote V e (u) and F*- (it) the Levi-Civita connection and the Cristoffel sym¬ 
bols corresponding to the metric g and taken along the surface S(w). Then, we 
have 

= F^ + F s ,0 u + Q 2 ^{u), 

V§ d q (u) = V| <9 g + d p d q uAf + d p ud q Af + d q ud p Af + ud p d q Af 


+ e 2 cosh 2 s L s ^ u + i cosh s Q 2 ^(u) 

where d p and d q stand for d$ or d s . This allows us to find the second fundamental 
form of the surface S n (w ) : 


(beC“)) = g{u) (v% p d q {u),N{u)} . 


Note that 


g(d p AT,d q Af) - 


1 


y p j-j ,^ q 

Putting all the estimates together, we obtain 

r , w ,, ~ , ( d 2 u d s dgu 

^'( U )( S ’ ^ ^ + ( dsd^u d\u 


cosh 2 s vq 


< C£. 


cosh 


i ?) +t “ h8 U»" t) 


H~ ( £ -Ls,(f) u ~\~ £ cosh s Ls, 4 > ^ H - 


T- Tn-Qs^u) ho (5,0) 

ecosh s ' 
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where f}o is a bounded symmetric 2-form, which does not depend on e. On the other 
hand, the first fundamental form 0 e(u), which corresponds to the metric induced 
on S n {w) from g , satisfies 


0e A) — 0e 2 It he + Qsrfiu). 


This yields 


det(§e(w))~_ 


Se' 1 ^) =0e 1 + 


det(fle) 


2eu ( 10 


e 4 cosh 4 s \ 0 — 1 


1 


i cosh 


*a La '* U+ £ 4 cosh 4 S Q ^ (u) ) 00 


where go is a bounded 2-form. Going back to w = 2 u, we obtain 
(6.14) 


H(w) = H( 0 ) + 


1 1 


d 2 + d 2 


2 e 2 cosh 2 s I 5 ^ cosh s 


w 


+ 1 


+ -72- L s,4> W + ^-74 Q s , q i(w) + ^-7T" Qs,4 W )- 

cosh s J e 6 cosh s £ 4 cosh s 


6.3. Mean curvature of the perturbed bridges. In the region 

C = A m {C6C_ : £ < |C| < 1/2£ 2/3 }, 

the surface S n (w ) is parametrized as the image by the mapping A m of the normal 
graph about C e for the function u = au>, scaled by the factor We suppose that 


(6.15) 


w 


e cosh a 


< 1 , £ cosher* = l/ 2 e 


2/3 


C 2 ((—er* ,cr*) X [7 t/2,37t/2]) 

Our goal is to calculate the mean curvature of S(w) with respect to the metric 

g m = a 2 {d( 2 + b 2 d^). 

The computation is very similar to the one we have done in the previous paragraph 
and we only need to change several estimates. The scalar product along S(w) 
satisfies 


g m (u){a, 9)-g m (a 1 9) = {L afi u + Q^ g (u)) 5 m (er, 9)+ ( eL^g u + 


Then, the normal vector field to S n (w) can be written as 

1 


E 2 -Q*A u ) dT ~- 

cosh a 


Af(u) = Af — 


e 2 cosh 2 a 


(■ d a uT a + d e uT e ) 


\La,8 U T Qg,bA)\ 


£ T 1 

dj(j,8 U T 


£ cosh a 


cosher 

and the components of the Levi-Civita connection are 
Vg a d/s(u) = + d a dpuAf + d a udpAf + dpud a AT + ud a dpN 


QlA u ) 


+ £ cosh a L a g u + {u). 
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The first and the second fundamental forms satisfy : 


det(fl e (u)) , j. 

-0e W = 3e + 


£U 


det(fl e ) 


_ 1 0 

£ 4 C 0 sh 4 er V ® — 1 

1 . 1 


£ cosh a 


Ta.o u T 


£ 4 cosh 4 a 


Ql.e( u ) 0o, 


bc(u)(a,9) = b e (<7,0) + 


dlu d a dgu 
d a idgu dgii 


\ u / 

' 1 

° ) 

) cosh 2 cr ^ 

, o 

1 J 


+ tanh a 


—d G u dgu 
dgu d a u 


+ ( £ cosh <7 L a g U + 


1 


£ cosh (7 


Ql.e (u) bo (o-,0), 


where bo and go are bounded symmetric 2-forms which do not depend on e. Finally, 
going back to w = - u, we get 


U(w) = H(0) + 


1 


(6.16) 


£ 2 cosh a 


1 


£ cosh a 


L a ,gW + 


% + dl 

1 


cosh 2 (J 


w 


£ 3 cosh 4 a ^ £ 4 cosh 4 cr 


Ql,e( w )- 


6.4. Mean curvature of the perturbed ’’gluing regions”. Let M be a smooth 
hypersurface in a smooth Riemannian manifold endowed with a metric g. Take w 
a small smooth function and V\ and Vi two smooth vector fields on M. Let W(w) 
denote the mean curvature of the hypersurfaces obtained by perturbation of M in 
the direction Vi, i = 1,2. We have the following result: 

Lemma 6.1. The following relation holds 

DU 2 \ w=0 {v)=DU\ =q (Tv)+g(V M m),T) 

where r = jyTrj- an d 'T = Vi — T and where V 2 - and V) T denote the orthogonal 
projections of Vi on the normal and the tangent bundle of M. 

Proof. This lemma is a simple generalisation of the result proven in [9] where the 
case when one of the vector fields V) is a unit normal to M is treated. The proof 
consists of applying the implicit function theorem to the equation 

p + tViip) = q +sV 2 (q), p,q&M, t,s6l, 

expressing locally p and t as functions of q and s: 

p=$(q,s) and t = ^f(q,s), 

with $((?, 0) = q and 0) = 0. We obtain then 

d s \E'(-,0)['F 1 ] ± = [y 2 ] ± and 0) = [V 2 ] T - a)[Vi] T . 

Moreover, we have 

o (W.0) v) + VH( 0) ■ d a *v = DH 2 \ w=q (■ v ), 
and the result follows. □ 
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Now let us return to the surface S n . Making use of the proof of the proposition 
3.5, one can see that in the region f l° glu the components of are bounded by a 
constant times Moreover, using the expression obtained in the lemma 3.1 

for the normal vector field to the surface parametrized as a graph of the function 
T, we get 

&} N /[d X3 ] N = 1 + 0(s) and [3 e -] r ~ [d X3 f = 0(6). 

Therefore, lemma m with Vi = d X3 and V2 = Sg yields 

U(w) = H( 0) + A (Bw) + LJ° w + r 1 Ql' 10 (w) + £“ 2 Q 3 ' 70 . 

in flgi u o. Similarly, in taking V\ = d^ 3 and V 2 = S e , and using the fact that 
the components of the gradient of 77 are bounded by a constant times e _1 / 3_/3 and 
the fact that 

[%] N /[d i3 ] N = l + 0(e 4/3 ) and [S e ] T ~ [%f = 0(e^), 

we get 

U(w) = U(0)+A(B w)+e - 2 / 3 “ /3 L2 m w +e" 5 / 3 -^ Q 2 z ' lm M+e" 8 / 3 -' 3 Q 3 ’ 7 "* (w), 

for all positive /3 £ (0,1). 


7. Linear analysis in the puncture disk 


We would like to analyse the Laplace operator subject to the Robin boundary 
data: 


(7.17) 


A w = f in D 2 \ {0} (or D 2 ) 
d r w — w = 0 on S' 1 \ {zi,..., z n } 


where / is a given function whose regularity and properties will be stated shortly. In 
what follows we suppose that we work in the domain D 2 \{0}. The case of the entire 
open disk D 2 can be treated in an analogous manner with certain simplifications. 

First of all, we take / even with respect to the angular variable and, for a 
given n > 2, invariant under rotations by the angle —. With this assumption, 
the operator associated to (17.171) does not have any bounded kernel and hence, the 
solvability of (17.171) follows from classical arguments. For example, if / € C 0,a (D 2 ) 
we get the existence of w £ C 2,a (D 2 ) solution w of (17.171) . Moreover, 

| W Hc2,c (7)2) £ C (|M| C 0(D2) 

We would like to understand what happens if we allow / to have singularities at 0 
and/or z m , m = 1,..., n. 

We define the weighted spaces we will work in. As before we set 

n 

l(z) = M n > - -ml, 

m—1 

and we assume that we are given u £ R. We say that a function u £ L? oc {D 2 ) 
belongs to the space L/°(D 2 ) if 

j|7 -! 'u|| L ~,( D 2) < 00. 
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Let us use the notation D 2 for the open punctured disc Z) 2 \{0}. The space C k,a (D 2 ) 
is defined to be the space of functions u G C^’“(.D 2 ) for which the following norm 
is finite 

IMIcJ ’“(£>2) := Il7 u lle fe ’“(-D„,7- 2 g euci )' 

Observe that, on the right hand side, we do not use the Euclidean metric to 
calculate the gradient of a function but rather a singular metric 7 ~ 2 g e uci- As a 
consequence, a function u belongs to C k,a (D 2 ) if 


k 

sup k-^l+V sup \j~ v+t V l u\ + 
zeDi zeDi 


sup 

2,2'G-D 2 


| 7 - v+k+a {z) \7 k u(z) - 'Y~ l ' +k+a (z')V k u(z , )\ 


z - z’ 


< 00 


Like in the section 4, instead of the problem (17.171) . we can consider an equivalent 
problem defined in D 2 \ {0,1}. Take the change of variables z >-* z n and notice 
that 

\z\ 2 A{z)=n 2 \z\ 2n A{z n ). 

We take a function F in D 2 \ {0}, such that 


Consider the problem: 


(7.18) 


F(z n ) = -I \z\ 2 ~ 2n f(z). 
n z 


AW = F in D 2 \ {0} 
d r W--W = 0 on S 1 \{ 1} 


We define the space ( D 2 ) as the space of functions U G L“ C (D 2 ) for which 

II |z| _1/ ° l z - l\~ Vl C/||l~(D 2 ) < OO. 

Notice, if we take / G L^_ 2 (D 2 ) , then F G L™ n _ 2 „_ 2 (D 2 ) and 

1 „ „„ 


\\F\\i 


”/n-2.„-2(^ 2 ) - 


2 (d 2 )- 


Proposition 7.1. Assume that v G (0,1). Then, there exists a constant C > 0 
and, for all n > 2, for all F, such that \z\~ u ^ n+2 F G L° C (D 2 ), there exist a unique 
function iko and a unique constant Cg, such that Wq := iko + ncg is a solution to 
j7.18\ ) and 

II | Z\~ v/n *0 ||l~(d 2 ) + IcSI < c II \z\~ v / n+2 F lUc^j). 

Proof. First, let us assume that F does not depend on the angular variable <f>. In 
this case, (17.181) reduces to a second order ordinary differential equation which can 
be solved explicitly. 


»Tr rad 
^0 


(r) = / - I tF(t)dtds , 

Jo s J o 


c = <S> r n ad + nc* 


Cn = — [ sF(s)ds + — [ — [ tF(t)dtds 
Jo n Jo s Jo 
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With little work, one checks that the result is indeed correct in this spacial case. 

Furthermore, we claim that, if we restrict our attention to the space of functions 
for which 


[ F(re 1 'r d(j) = 0 
Js 1 


is 1 

for all r £ (0,1), then there exists a function W™ 6 '™ such that 

\\\z\-' j/n W ™ ean \\ L ~,( D 2 ) < C\\\zr/ n + 2 F\\ L ~ {D2) 

for a constant C independent of n. We construct W™ ean as a limit of solutions to 
the Poisson’s equation in annulus-type domains with mixed boundary date. 

More precisely, take e £ (0,1) and let us denote A e the annulus D 2 \ Z? 2 (e). For 
a fixed n let VF ejn be the solution to the problem 

f A W e , n = F in A e , 

(7.19) { 

{ drW^n - iw e , n = 0 on S 1 , W^ n = 0 on S' 1 (e). 

There exists a constant C(e,n) which depends on e and n and such that 
\\W e>n \\ L ~( Ae )<C(e,n)\\F\\ L ^ Ae) 

Changing the constant C(e,n), we can rewrite this as follows 

(7.20) \\\zr' n W^\\ L ~iA e) < C(e,n ) \\\z\- v / n+2 F\\ Lao{Ae) 

If the constant C(e,n) = C(n) didn’t depend on e, then for every eo £ (0,1), and 
for all e < eo we would have 

l|W e ,„|| L ~(A eo/2 ) < C ( n ) \\\zr /n+2 F\\L~ iDi ). 

Then, by elliptic regularity theory, changing the constant C{n ) if necessary, we 
would have 

||VW e , n |U- ( A. o) < C(n) \\\z\- v / n+2 F\\ L ~ {Dl) 

Thus, when e tends to 0, the sequence W e>n would admit a subsequence converging 
on compact sets of D 2 to a function W n , a solution of (17.181) for a fixed n, such 
that 

\\\z\- u/n W n \\ L ^ D2) < C(n ) \\\z\- v/n+2 F\\ L ^ {D 2 ) 

The fact that the constant C(e,n) doesn’t depend on e can be proven by an 
argument by contradiction. We suppose, that there exists a sequence of parameters 
Ej and a sequence of points Zj such that 

\\\=r /n w jtn \\ L - lAi) < i, w hn { Zj ) = i^r /n 5 

0 


and A Wj n Fj ni 


\z\ 2 - v / n F. 




j^-oo 


where W jt „ := — -r 

C(ej,n) 


Wei ' n ' Fj ’ n C(ej , n) 


F and Aj = A. 


We suppose first that the sequence Zj converges to a point £ D 2 . We denote 
Wi,n(z) = W j , n (\z j \z) | Zj \- V ' n , 
then, for every j, we have 


Wj,n {Zj/\ z j\) ~ 1- 
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The sequence W-j. n admits a subsequence converging on compact sets to a function 
W n which is a solution to 

j A W„ = 0 in Dl 
\ d r W n -±W n = 0 on S 1 

Moreover, we have \W n {z)\ < \z\ u / n and W„ = 1- Using the fact that W„ 

has no radial part and that the problem (17.181) has no bounded kernel, we get a 
contradiction. 

When the sequence of points Zj tends to 0 at the same time as — —» 0 we 

j—> OO 

obtain a sequence of functions W 7 -, ra , which admits a subsequence converging on 
compact sets to a function W n which is a solution to the problem 

A W n = 0, in R 2 \{0}, \W n \£c\z\ v l n , 
which implies W„ = 0 and contradicts the fact that W hn (pjf) = 1 for all j. 

\z \ 

It remains to deal with the case when Zj —> 0 and s - JLi - —»• a, where a is a 

j—too j—¥oo 

constant strictly greater than 1. In this case W,,., admits a subsequence converging 
on compact sets to a function W n , which is a solution to 

[ AW„ = 0 in R 2 \ D 2 {a) 

\ W n = 0 on S 1 (a) 


and such that |W„| < c\z\ v . Once again, this implies W„ = 0 and gives a contra¬ 
diction. 


\z \ 

Finally, the case when Zj —> 0 and —>• 1 doesn’t happen. For every j we 

j—KX) j—>OC 

have 

f A Wj, n = Fj, n in D 2 (2e,)\^ 2 (e J ) 


Wj >n = 0 on S' 1 (ej) 


Moreover, 


l^-nl < e ; /n - 2 and IWj'.nl < e ; /n . 

Then in the subsets of B 2 (2ej) \ D 2 (ej) we have |VWj )n | < This implies 


that in the neighbourhood of \z\ = e^-, we have 


\w jtn \ KCe^Qzl-ej). 


At z = Zj this yields — 1 > C, which is not possible starting from a certain j. 

Similarly, we can prove that the constant C{n) in (17.201) does not depend on n. 
If it were not the case we could define a sequence of function W n and a sequence 
of points z n , such that W n (z n /\z n \) = 1. Then W n would admit a subsequence 
converging on compact sets to a function W, which is harmonic in a unit disk and 
has homogeneous Neumann boundary data. Using that f D2 W dx i dx 2 = 0, we get 
the contradiction. 


□ 
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Let us fix a cut-off function y defined in the unit disk D 2 which is identically 
equal to 1 in a neighbourhood of z = 1 and to 0 in a neighbourhood of z = 0. We 
define deficiency spaces 

£>„ = span{n} and T) x = spanjx} 

Proposition 7.2. Assume that v £ (0,1). Then, there exists a constant C > 0 
and, for all n > 2, for all F £ Lf?/ n _ 2 „_ 2 (fi 2 ) there exist a unique function 
df £ ^(D 2 ) and unique constants Cq and c *, such that W := ^ + n Cg + c\ x 

is a solution to \7.18ty and such that 

||W / IU~ n ^(-D 2 )©s„@s x < C\\F\\ l ~ 

Proof. We take the conformal mapping 


v/n-2,v-2 


(D 2 ) 


A : C_ 


D 2 


A«) = )±f 


which sends a half-disk in C_ centered at 0 and of radius p £ (0,1) to the intersec¬ 
tion of the unit disk D 2 with the disk of radius r p = centered at c p = 1 + . 

For example, for p = |, we get ri = | and ci = | and for a = i, we get 

r \ = h and c \ = if- 

We define a cut-off function \ 6 C°°(R 2 ), such that 

x(C)=x(|C|). X = 0 for |C| >1/3 and x = 1 for |£| < 1/5 
and put x(z) = X (|A _1 ( Z )I)- Then, we have <9 r xl r =i = d and 

X(z) = 0 for |z - 5/4| > 3/4 and x = 1 for \z - 13/12| < 5/12, 

We decompose 

F(z) = F 0 (z ) + F 1 (z) = (1 - X (z)) F{z) + X (z) F{z). 

Then, we have 

|| | 2 |—i//n+2_p o || ioo(D2) < ||F||z,~ n _ 2 ^_ 2 (d 2 ) ; 

II \z- ir +2 Fl II L~ { D 2 ) < II^IU- /B _ ai „_ a (^) 

We define F((f) = F( A(0). Remark that 

A - IWPa 

and consider the problem 

AW 1 = JI ^F 1 (0 in C_nU 2 (l/3) 

i=0 on <9C_ n£> 2 (l/3), 

Wi = 0 on C-(ldD 2 (l/3) 

We extend Pi by symmetry to D 2 ( 1/3) and consider the problem 

Afi = F 1 in D 2 (l/ 3) 

(7.21) . _ 

W r=0 on S' 1 (1/3) 
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where F\ = ^^,5 -Fi(C)- Automatically, the restriction of W\ to C_ f~l F>*( 1/3) 
satisfies d^W\ = 0 at £1 = 0 . 

The existence and the properties of W\ are obtained in the same way as the 
existence and the properties of Wo in the proposition CD- We suppose first that 
the function F\ doesn’t depend on the angular variable and depends only on | c,” | = p. 
Then, the function 


< d (p)= [" ~ ftF 1 {t)dtds , W[ ad = % ad (p)+ct, 

Jo s Jo 

/•V 3 1 r s „ 

c? = — / - tFAt)dt ds 

Jo s Jo 

satisfies (17.211) and using that |j |C| _l/+2 F \\l°°(dz( 1 / 3 )) < \\F\ li”„_ 2 ,„_ 2 (£> 2 )> we S et 

II ICr^i \\l~(d>) + K| < C \\F\\L~ n _^_^y 
On the other hand, if 


is 1 


Fi(p, 0) pd6 = 0, for all pe (0,1), 


using the same argument as in the previous proposition, one finds a function W 1 
which satisfies (17.211) and such that 


'W 


”ll^(^(i/3))<C||F||^ /n _ 2 _ 2(D2) 


Finally, we put 

W 1 := + W[ ad , and W\ := Wi o A -1 . 

The function X Wi is defined in a neighbourhood of z = 1 and can be extended by 
zero to the entire punctured unit disc D\. We have 

f A(x Wi) = Fi + 2Vx VlTi + Wi A x in Dl 
\d r ( X W 1 ) = 0 on S' 1 \ {1} 

The function V\ VWi + W± A X belongs to F“ n _ 2 U _ 2 {D 2 ) and has compact 
support, since is identically zero in the neighbourhood of z = 0 and z = 1. Accord¬ 
ing to the proposition Ol we can find a function Wo which satisfies 

f A Wo = F 0 - 2Vx VWi - Wi A x in Dl 

1 d r W o -iW o =0 on S' 1 \ {1} 

By the elliptic regularity in weighted spaces we have 


\z-irw! 1 \ l - (D 2) < cii i! 2 - iir+ 2 FiH i0 o (D2) , 


II |z - ir +1 VWi ||l~ ( d 2 ) < C|| ||* - l ||-" +2 Fi \\ L °°( D 2 ) 

Then, 

lll^r "/" +2 (Fo — 2V X VWi — W\ A X ) \\l^) < 

So, we can write Wo = + Cq n, where 

|| |2|-" /n 'F 
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The function 

Walmost '■= Wq + X W l, 

satisfies the problem 

J A Waimost = F in D\ 

\ d r W a lm 0s t - £ W a i most =-;X^l «n S 1 \ {1} 

Take the function 

|r|2 _ 1 

h{z ) 

then, 

d r h— — h = — xWi at r = l and Ah = —- X Fi + —d r {x Wi) + — y W\. 

n n 2 n n ' n 

Consider the operator 

Gh ■ L^/n-2,u-2 —t F^j n v © "Dn © Ghif) = Wh ■= Waimost + h. 

We have 

A O Gh = I(l + Rh, Rh ■ ^i// n -2,y-2 t L v j n _2 j,_2 
R h (f) = Ah, ||ii h ||<i 

Finally, we define a continuous linear operator G = Gh ° {Id + Rh) -1 and the 
function W = G{f), the unique solution to (17.1811 which can be written in the form 

w = * + nc* 0 + 4 x 6 i”n,„(o 2 )e® n ffi®x- 

□ 

Now we can go back to the initial problem (17.171) . Take f(z) = n 2 \z\ 2n ~ 2 F{z n ) 
and put w(z) = W(z n ). Then, w £ L^{D 2 ) ©®„ ®S) Xn and can be written in the 
form 

w = tp + TiCo + c* 1 Xn{z), Xn(z ) = x{z n ), !|7 _! >||l~.( D 2) < C'||7~'' + 2 /|| l =o( D 2). 

Finally, if we take / £ then by classical arguments of the elliptic 

theory in Holder weighted spaces %[> £ C®’ a {D 2 ) and there exists a constant C such 
that 

ll^llc^’“(D2) A C ||/|lc“^ 2 (r,2). 


8. LINEAR ANALYSIS AROUND THE CATENOIDAL BRIDGES 

To analyse the linearised mean curvature operator in the neighbourhood of the 
catenoidal bridges we consider the following problem 


( 8 . 22 ) 


where L cat = d 2 + d 2 e + 


j L cat w = f in lx [§, ¥f\ 
\ dgw = 0 on lx {|, 4^} 
(M)£Rx[l,f], 
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Lemma 8.1. Assume that 8 £ (—1,0)U(0,1). The subspace of (cosh cr) 5 C 2 ’“ (lx [^, 4^]) 
that is invariant by (cr, 9) i-» (cr, — 9 ) and (cr, 9) f-x {—<j, 9) and solves 

j L cat w = 0 in lx 

\ d s w = 0 on Rx{|,y} 

is trivial when 8 £ (—1, 0) and is one dimensional and spanned by ertanher — 1 when 
8 £ ( 0 , 1 ). 

Proof. We decompose w in Fourier series 

w{a,9) = Wj(cr)e u9 . 
je z 


then the functions Wj are solutions of the ordinary equation 



2 \ 
cosh 2 aJ 


Wj = 0 . 


These solutions are asymptotic either to (coshcr)- 7 or to (coshcr) - -?. By hypothesis, 
the solution is bounded by a constant times (cosher) 5 and |i5| < 1, so the solution 
has to be asymptotic to (coshcr) - - 7 , and then the solution is bounded. On the other 
2 

hand, — ( j ) 2 H-*— < 0, so the maximum principle assures that wj = 0, for all 

cosh cr 

3 > 2 - 


Observe that the imposed symmetry (cr, 9) H > (cr, —9) and the boundary condi¬ 
tion imply wi = 0. When j = 0, Wq is the solution of the ordinary equation 


di 


cosh cr 


w 0 = 0. 


By direct computations, we can see that tanh cr and ertanher — 1 are two indepen¬ 
dent solutions. The only solution symmetric with respect to the horizontal plane 


is ertanher — 1 and it belongs (coshcr) 5 C 2,a (M x [-|, 4^]) only when 8 £ (0,1). 


□ 


The next step is to prove that, under some hypothesis, there exists a right inverse 
of the problem (19.251) and it is bounded. 

Proposition 8.1. Assume that 8 £ (—1,0) U (0,1). Then given f £ (cosher) 5 C(R x 
[f’T"])’ su °h that /(cr, 9) = f{—cr,9) = f(cr,—9) there exists a unique constant 
d\ and a unique function v £ (coshCT)' 5 C 2,Q (R x [§,yy]) such that the function 
w = v + d\ solves 

(8.23) { ( a " +a » 2+ d?y)"’ =/ ' ” 

{ dgw = 0, on Rx {f, y} 

and w{cr,9) = w(—cr,9 ) = w{a, —9). Moreover, we have 

(8.24) ||(coshcr) -5 w|| C 2 iC ,(- Rx [ a^J) + Mil < C ||(cosher) -5 /|| c0iQ ( Rx j f ^ 
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Proof. Let us extand the function / by symmetry to the entire unit cylinder R x S 1 . 
Then, there exists a function w, which satisfies 

(d 2 a + d 2 9 + —^-)w = f in R x S' 1 , 

\ cosh (7 J 

and w = v + d\, ||(coshcr) -,5 i;|| C 2 , Q(Rx si ) + |c£J| < C ||(coshcr) _<s /|| C o, a(IRxS -i ) 


This fact follows from the construction given by R. Mazzeo, F. Pacard and D. Pol¬ 
lack in [Bj. Here, we give a short sketch of their proof for the sake of completeness. 
Let first / be a function whose Fourier series in 9 is given by 

/M)= E 

| j |>2 


Then, for every t £ I, there exists a function Vt = S|j |>2 v j( a ) 1 a unique 
solution of the problem 

+ m w<t - “K ±! >=°- ^ 2 - 

One can prove this using the maximum principal and the method of sub- and 

supersolutions, taking —---- (cosher) 15 as a barrier function. Taking a sum 

3 - 2 - d 

over \j\ > 2, we get a function vt such that L cat Vt = f and Vt(±t) = 0. By the 
Schauder’s elliptic theory, there exists a constant C such that 

||(coshcr)- 5 u|| C 2 . a(( _ tit)xS i ) < 011(coshcr) —5 / ||c°’“ ((—t,r) xS 1 )' 


Moreover the constant C does not depend on f, which can be proven by contra¬ 
diction, using the same argument in the proposition m- Finally, the sequence 
Vt admits a subsequence which converges to a function v on compact subsets of 
lx [|, ^r] as t tends to infinity and such that (18.241) is true. 


In the case when / = / 0 (cr) + /±i(cr) e ±l6 , we can construct a solution explicitly, 
taking 

w = i = i((t) = cosh 1 er / cosh 2 f / cosh -1 £ f±i(£) df dt. 

Jo Jo 


and 


Wo(<t) = tanher / tanh 1 t / tanh ffo{C)dfdt 


Remark, that for \fj(cr)\ < (cosher) 15 for j = 0,±1 there exist constants d and d*, 
such that 

wq + d(l — stanhs) = Vq + d*, |uq| < c(cosher) 15 


moreover 


|iu±i| < c(cosher) 5 

The estimates for derivatives of wq and w ±i are obtained by Schauder’s theory. For 
all 5 £ (—1,1) we have 


||(cosher) s (v 0 + w±i)||c=.“(KxSi) + Mil < H(cosher) 5 /||eo,<,( Rx si) 


Finally, by symmetry the restriction of w to Rx [^, satisfies dg w\ r» 3*1 = 0. 

□ 
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9. Linear analysis around the catenoidal neck 


In this section in order study the linearised mean curvature operator around the 
catenoidal neck we consider the equation 

(9.25) L cat w = f in R x S' 1 , 

where L cat = d 2 + d 2 + 

We restrict our attention to functions which are even in the variables <f> and s 
and invariant under rotations by the angle —. Given / £ (cosh s) 5 C 0, “(R x S 1 ), 
such that 

/(«> 4>) = f(~s, 4>) = f(s, -$) = f{s , <j> + n/n). 
we define F(s,<j)) = ^r/(^,^) and consider the problem 

M ^ lW= ^- f + -±^ w = F . 

We prove the following two lemmas: 

Lemma 9.1. Assume that 5 £ (—1, 0)U(0,1). The subspace of (cosh L°° (R x S 1 ) 
which is invariant by (s, (jf) i —> (s, —<j>) and (s, (jf) (—s, <f>) and solves 

Lent W = 0 in R x S 1 , 

is trivial for S £ (—1,0) and is one dimensional and spanned by — tanh — — 1 for 

<5 6 ( 0 , 1 ). 

Proof. The proof of this lemma is analogous to the proof of the lemma (18.11) and 
uses the maximum principal for the Fourier modes j > 1 and the symmetry with 
respect to the horizontal plain for j = 0. □ 


Proposition 9.1. Assume that S £ (—1,0) U (0,1). Then, given a function 
F £ (cosh ^-) 5 L°° (R x S 1 ) , such that F(s , <j>) = F(—s, (jf) = F(s, —</>), there exist 

a unique constant dj) and a unique function V £ (cosh L°°(R x S 1 ) such that 
the function W = V + djj solves 


(9.27) 


+ df. + 


0 n 2 cosh 2 ± 


W = F, 


and there exists a constant C, which does not depend on n, such that 
(9.28) || (cosh-) M / ||l~(rxS 1 ) + Kl < C || (cosh-) i r |U”(RxSW 

\ \ T~L' 


Proof. We decompose both F and W in Fourier series 

F = J2 f j («) ^, and W = ^ W, (s) e ij4> . 
fez jez 


First, let F{s,(jf) = F j( s ) e ^■ 


lfl>i 

introduced in [6], we can solve 



2 

n 2 cosh 2 


Then, for every t £ R, using the method 


S_ 

n 


Vl = Fj, Vf(±t) = 0 
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by the maximum principal taking 


j 2 n 2 — 2 — 5 


(cosh —) 5 as a barrier function. 


When t tends to infinity, we get a sequence of functions which admits a subse¬ 
quence converging on compact sets of I x 5 1 which satisfies (19.271) and (19.281) . 
When F(s, 0) = Fq(s) we find explicitly 


Wo(s) = tanh— [ tanh 2 t [ tanh £ Fo(n£) d£dt. 

n Jo Jo 

Like in the proposition 9.1 there exist a function Vo £ (cosh -) 5 L°°(R x S' 1 ) and a 
constant dg, such that the function Wo = Vo + djj satisfies (19.271) and (19.281) . 

□ 


Remark now that the function v(s,<j)) = V(ns,n(f>) is invariant under rotations 
by the angle — and satisfies 

L ca tv = f, and ||(coshs)“ ,5 u|| L ^ (IRx 5 i ) < C ||(coshs) _,5 /|| i ^ (RxS i ) . 

Finally, by the Schauder’s theory, if / £ (cosh s) s C 0, "(lxS' 1 ), then v £ (cosh s) i C 2 ’ a (Rx 
S 1 ) and 

||(coshs) _ ' 5 u|| C 2 , a(Rxg i ) < C ||(coshs)~' 5 /||c°-“(RxS' 1 ) 


10. The Fixed Point Theorem argument 
We parametrize S n by the following sub-domain of the unit disc: 

fl £ = {z £ D 2 : i < \z\ < 1} \ U A m {C £ C_ : |C| < -}• 

m—1 Z 

Take a real number v £ (0,1). We denote the Banach space which is a subspace 
of C ^ , a ( fl £ ) invariant under the transformation zez and the rotations by the angle 
—. Remark, that when we use the change of variables 

z = e cosh s e l<t> or z = A m (l/2ecosh(je ie ), 

the functions 

(s,</>) i-x w(ecoshse^) and (cr, 9) i-x u;(A m (l/2ecoshtTe ie )), 
belong to the functional spaces 

(£COshs) ly C 2,a ((—s»,s») x S 1 ) and (£coshcr) 1/ C 2,a ((—cr»,cr») x [7 t/2,37t/2]). 

Putting together the results of the section 6, for every function w £ £ 2, “ small 
enough we can construct a surface S n (w) which is close to S n and whose mean 
curvature can be expressed as 

%( w ) = H ( 0) + Cw + Q ( w ), 

where 'H(O) is the mean curvature of S n , L is a linear differential operator, which 
has the form 

f L gr + LJ in Cl gr U ^ Q™ lu 

L = < L cat + (1 + L s y in Q° at 
{ (Lcat + hf-L a ,e) ( °A m ) iu 
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and Q is the nonlinear part of 'H(w) which can be written in the form 
Q{w) = £ —^- Q 2 z ’ 1 {w) + 

where the properties of L 7 , Q\ and Q 3 are described in the section 6 . First, we 
verify that 

|| 7 2 ^(0)|| c o,« (Qe) <ce 5 ^~ v , V0e (0,1). 

It follows from the fact that away from 0 and the n-th roots of unity, where S n is 
parametrized as a graph of one of the functions ±C7„, the mean curvature satisfies 


H(0) = 


P 3 (Gn) 


and its norm is bounded by a constant times e 3 ~ l ’~ 13 . On the other hand, in the 
gluing regions the mean curvature is bounded by a constant times e 3 ~P /y 4 and in 
the catenoidal regions by e/ 7 . 


Secondly, there exist constants c£l and p £ N, such that 
|| 7 2 QH|| c o,*( ne ) < ce 2/3—p(«+*+/3) ||«;|| C 2 , Q(fle) , for |Mlc='“ ( n e) < ce 5 / 3- ^. 
The surface S n (w ) is minimal if and only if 

Cw = — TL(0) — Q(w). 


If C is an invertible linear continuous operator then function w should satisfy 
(10.29) w = -r 1 (H( 0) + Q(w)) = A(w) 

If we show that there exists an open ball B C such that A : B —> B is a 
contraction mapping, then by the Banach Fixed Point theorem, there will exist a 
unique function w n a solution to (110.2911 such that £ n = S n (w n ) and £„ = S n (w n ) 
are free boundary minimal surfaces in B 3 . 


10.1. Inverse Linear Operator. We would like to find a linear operator 
M : such that 7 2 £ o M(f) = f. 

Take a partition of unity on the unit disk D 2 : 

n 

Pi £ C°°(D 2 ), such that <pi = 1, and ip, = Sij in Ui D Zi, 

2=0 

where z 0 = 0 and z m , m = 1 ,,n are the n-th roots of unity and Ui are small 
neighborhoods of Zi. Given function / £ we can decompose it as 

n n 

f = = SU PP (fi)cUi. 

2=0 2=0 

Let us fix the coordinates (s, (f>) and (a, 9 ) and take sg £ K+ such that 

ecoshsg = 1 . 

We can parametrize two copies of the unit punctured disk D 2 by 

z + = r + e 8 '7 where r + = e s ~ Si , s £ (— 00 , sg) and 
z_ = r_ e 1 ^, where r_ = e~ s ~ Si , s £ (—sg , + 00 ) 







FREE BOUNDARY MINIMAL SURFACES IN THE UNIT 3-BALL 


35 


Remark that we can also parametrize two copies of the punctured half-plane C- 
by 

(+ = p+e* e , where p+ = e CT , a £ (— 00 , 00 ) and 
C- = p- e l6 , where p_ = e _<T , a £ (— 00 ,+ 00 ) 
and take the conformal mappings A± : C_ —> D 2 given by 


A±(C±) 


2tv im 

— e n 


1 + C± 
i-C±' 


We dehne the cut-off functions $0 G C°° ([— sg, s^]) and •& £ C°°(R) such that 
•d = 1, for s > 1, $ = 0, for s < — 1 

d = 1, for a > 1, •& = 0, for rr < — 1 


Take fo(s,<j>) = /o(ecoshse I?i ) and /*(cr,0) = f m 0 A m (ecosher e z9 ). We can de¬ 
compose 

fo(s, <j>) = fo (s, (j>) + fo (s, 4 >) = i? 0 (s) /o(s, 0) + (1 - i?o(s)) /o(s, 0), and 


/*(M) = /* + (o’, 9 ) + /„ (cr, 6») = i?(ct)/*(ct,0) + (1 -i?(o-))/*(ct,0) 

We can extend the function /o’ by zero to the interval (— 00 , Sf). It defines a 
function /o' on the unit punctured disc, parametrized by the variable z+. In the 
same manner, we can extend the function by zero to to interval (sg, + 00 ) and 
that defines a function // on the unit punctured disk parametrized by Z-. We 
have 

fo( r ± e ^) = (± lo S r ± + S S, 4>)- 

We also define the functions on the half-plane C_ by ff- (p± e lB ) = f± (± log p±, 9). 
Finally, we put 

n 

fm( z ±) = ft 0 (A™)” 1 and / ± = ^]/ i ± , 

»=0 

each of the functions f ± on one of the two copies of D 2 \ (0, zi ,..., z n }. 

First approximate solution: Using the results of the section 7, we find func¬ 
tions w± r £ £2 a © solutions to the problems 

j r y 2 {z±) A (B(z±) wf r ) = f± in D* 

{ d r± wf r = 0 in S 1 \ {jzi, ...,z n } 

We have 

wfr(z±) =^ ± {z±) + nc* 0 +c* 1 Xn{.z±), and 

ll^ffrllCS’“(Dj)e£>n®S x „ — ^ H/llcS'“(i3;) 

We put 

ip + (s, (j>) = i/i + (e s_s ' e*^) £ (ecoshs)"C 2 ’“((— 00 , sg) x S' 1 ), 


t/> (s,/>) = 1 /) (e s Se e l< ^) £ (£:coshs) !y C 2 ’“((— sg, + 00 ) x S 1 ), 
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and , i/’ ± = ^> ± oA^ € (e cosh s) 1 / C 2 ’“(M x [§, ^]). 

First estimate of the error: We would like now to analyse the behaviour of 
the function 

h := 7 2 C(ip + +^~) - f 

Remark, that the change of variables z = e cosh s e transforms 

- (coth 2 s d 2 + coth s d s (1 — coth 2 s ) + dV\ 

e 1 cosh s 

On the other hand, the change of variables z± = e ±s ~ Se e transforms 

(d 2 +d 2 ) 

In this section we will denote as c any positive constant which does not depend 
on e. Moreover, |e ±s_,S£ — ecoshs| < c ^ . Using once the again the partition of 
unity, we decompose 


ft — ^ ^ (f)i ft — ^ ( hi , h * — hm o A m . 

i —0 2=0 

Regarding ho as a function in variables (s,(f>) we can extend it by 0 to R x S 1 . 
Similarly, regarding ft* as a function of (a. 6) we can extend it by 0 to R x [|, 4^] . 
Fix 5 € (—1,0). Then, there exists a universal constant C, such that 

||(coshs)-' 5 fto|| c o, Q(RxS i ) < C'||/|lc 2 -“ ( n s) , 

!l(cosha)- 5 ft*|| c o, CI(Rx [ fi ^ ) < C'll/llcg-“ ( n. ) 

Help of the linear analysis around the catenoids: Using the results of the 
sections 7 and 8 , we can find functions w® at and w* at: such that 


7 


Lcat W° cat = ho and 


7 2 


2 e 2 cosh 2 s 
where 

L C at = d 2 + <9? + 


2 L cat W* at = ft*, d e w* at = 0, 


cosh 2 


£ 2 cosh a 

and Lcat = 3 2 + djj + 


cosh" 


and 7 = 70 A m . We can write w\] at = u° at + dp, and w* at = v* at + d\ , where 
||(coshs)“' 5 u° Qt || C 2 , ( * (RxS i ) + |d*| < U||(coshs)^' 5 ftg|| c o, a(RxS i ) and 


II (cosher) s v* 


[5,J\F]) + - ll( cosh(T ) ^*llc^(Rx[f,^]) 


cat llc 2 -“(Rx 


We also denote w™ t = w* cat o X m and v™ t = v* at . We have 


drWcatW 


=1 = d , 


r u cat lr —1 


= 0 . 


Cut-off functions: Let, as before, rf~ £ C°°{D 2 ) denote a cut-off function, such 
that 

4 {z) = 4{\z\), 4(z) = 1 for \z\ < 1/2 e 1 L 2 and 4 {z) = 0 for |^| > 2 e 1 / 2 . 

and fj e £ C°°(C_) the cut-off function in C_, such that 

VeiO = j? e (|Cl). fte(C) = l for |CI<l/2 e 2/3 and fj s ( C)=0 for |CI > 2£ 2/3 . 
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We put 77 ™ := r/e o X r f. 

Furthermore, we introduce the cut-functions £ C°°(D 2 ) and >c e £ C°°(C_), 

such that 


*§(*) = *g(M)> *§(*) = 1 for \z\ <2e 1 > 2 and 4(z) = 0 for \z\ > 3e 1/2 

* e (C) = *e(|CI), * e (C) = 1 for |CI< 2 e 2/3 and 5f £ (C) = 0 for |C| > 3e 2/3 


and x™ := >c e o X^f. 

Let if = [sf,Sf] and If = [— S~, — s|] be the two subintervals of [—s E , s E ] 
where we glue together the graph of the functions ± Q n with the catenoidal neck. 


Similarly, let Jf = [erf,£f] and Jf = [—£§,—of] be the two intervals where 
we glue together the graph of the functions ±G n with the half-catenoidal necks. 
We put 


Rs = e 


Tr = e 


-Sl-S 


and V E = e 


p e =e 


-s? 


We denote £ C°°(D 2 ) a cut-off function such that 

£°0) = £°(M), f“(z) = l for \z\>Rg, and £f(z) = 0 \z\ < r s . 

In the same manner we define the cut-off function 6 £ C°°(C), such that 

6(C)=6(|CI), 6(0 = 1 for \(\>Ve, and 6(0 = 0 |CI < Ps, 


and we put 

C~ZeO)tf. 

n 

Finally, we define the cut-off function 6 £ C°°(D 2 ) : 6 := £? II (ff. and also the 

m— 1 

functions 

it G C°°([—Se, Se] xS 1 ): g(s,t) = Ue ±s - ss e^). 

Notice, that £+ is a function which is equal to 1 on the part of the surface, which 
is parametrized as a graph of the function —Q n , the parts, where we glue this graph 
with upper parts of the catenoidal neck and the half-catenoidal bridges and also 
on the neck and the bridges them selves. It is identically equal to zero on the part 
of the surface, which is parametrized as a graph of the function Q n . In the same 
manner, one can easily deduce the properties of £“• 

Regular terms: Consider the function 

n 

Wreg == if ^f r + £T + 4 V° at + ^ T]f V™ a f 

m —1 


Deficiency terms: We define the functions 

uo(s) := 1 — s tanhs, u(cr) := 1 — a tanhcr, u m :=«o Xf , 

and take r„ and r n the functions lying in the kernel of the operator L gr and defined 
section 4. We also denote 

F </>) = r n (e ±s-s ' efo), f f(s, cf) = f n (e ±s -^ e i4> ). 
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Consider the function 

n 

K e (s, 4>) := x~ (ao u 0 + dg) + ^ x™ (ai + d*) 

m=l 
n 

+ (1 — X? — ^ x™) Cg Tl + C* Xn + fco f n + £e f n j 

m= 1 

+ 6i fe + r+ + Cr-) 

where the constants cto, a±, b$ and b\ are chosen in such a way that the norm of k 

n n 

and its derivatives would be small in U fi™, where 

m =1 

fl° K := supp(x-) fl supp(l — x~), and f2™ := supp(x™) D supp(l — x™). 

More precisely, in we have 

—2 n + 2 n sg — 2ns + 0(e), when s>0 

—2n + 2n sg + 2n s + 0(e), when s < 0 


c+f+ + f _ = < 

Se: n ' n j 

On the other hand, 

u 0 {s) = 

and 


1 — s + 0(e), for s>0 
f + s + 0(e) for s < 0 


£+r+ + cr- = -- + 0(e~), Xn{aA) = 0, x e m = 0 
This gives us the first equation on ao, ai, bo, bi: 

(10.30) ao = 2nbo, c^n -^- 2nbo + 2nbo sg = 2nbo + d^. 

Similarly, in f l™ we have for all /3 £ (0,1) 


£+r+ + £ - r - = 


— — + c(n) — tx + 0(e 2 / 3 /3 ), when cr > 0 

— ^ + c(n) + tx + 0(e 2 / 3_/3 ), when cr < 0 


1 -CT + 0(e 2 / 3 ), for cr > 0 
1 + a + 0(e 2 / 3 ) for cr < 0 


and 


u(cr) = 

F n (s,cp) = -n + 0(e 2/3 ), Xn{s,4>) = 1, x? = 0. 


This gives us the second equation 

Tl 

(10.31) ai = bi, Cq n + c\ + bi{c{n) — —) — b 0 n = b\ + d* 0 . 

Then, the system (110.30|) and (110.311) has a unique solution. 

Second approximate solution: As an approximate solution, we take the func¬ 
tion 


Wapp •— Wreg T N. 
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We would like to estimate the norm in of the function 

7 ^ W a pp f • 

We do it separately in the regions f l° at , n° glu , fl° K , Q gr , fi™, Q™ lu and fi 

(1) In fi+., where the surface S n is parametrized as a graph of the function 
— Q n we have 

4 = VT = 0, and £+ = 1, 4“ = 0. 

We see that 

e 2-/3 

/ = /+, W app = ipgr + k, and 7 2 C = T L gr H- — L 1 

k = <% n + c* Xn + + b\ T+ in and n = 0{e) in H . 

Then, 

|| 7 2 Cuuapp - /|| c o.- ( „+ ) < ce 2/3 - /3 -HI/ll c ^ ( n e) , V/3 e (0,1). 

Naturally, the same estimate is true in £l~ r , where the surface is parametrized 
as a graph of Q n and where 

'4 = r lT = 0, and = 1, = 0, 

and f = f~, w app = ip~ r + k. 

(2) In the region 4)4■ where we glue together the upper part of the catenoidal 
neck with the graph of the function —Q n we have 

V™ — 0; 4 + = l and 


/ = / + > W a pp = ipj r + 4 ip gr - v° at + 

K = aoMo + ^o and 7 2 £ = 7 2 L gr + e 1_/3 L la . 
We obtain for e small enough 

117 £- w app ~ /llc°’ c '(n“;+) 


< c 


(11^ 




lk°J 


c; ,a (n+-„°) 


Ict 




ce 


l/2|5|-^-/3| 


llc2'“(n e ) 


By symmetry the same estimate is true in the region 4 \ u , where we glue 
the lower part of the catenoidal neck with the graph of the function Q n and 
where 

vT = °> C = 1 and 

/ = /", w ap p = ipj r + 4 ipj r - 77 ? v° cat + k, K = a 0 u 0 + d* 

(3) In the regions where we glue together the upper part of the half- 

catenoidal bridges with the graph of the function —Q n we have 


4 = 0 , 4 = 1 and 
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/ = / + , Wapp = V’gr + 4 i’gr ~ V? V™ t + K 

K = a\u m + d\ and y 2 C = j 2 L gr + £ 2,/3_/3 L 7m . 


We obtain 

||7 £- w app ~ /llcS’“(n£];+) 



< ce 


2/3|5|-j/-/3 




Once again, by symmetry the same estimate is true in . 

(4) In the catenoidal region f2° at , where the surface S n coincides with the 
catenoidal neck, we have 

vT = 0, £- = £- = 1. 


/ = f + + f , W avp = %p gr + 1p+ r - W° cat , 7 2 £ = „ -o 7 ,2 L cat + g 1 P L 


2 £ 2 cosh 2 s 


We obtain 


' Cw app -f\\ c o, a{n o at) <c^ " p ll/llc°-<* ( n«)- 


(5) Finally, in the region f2™ t , where the surface <S„ coincides with the m-th 
half-catenoidal neck, we have 

rft = 0, it = £<T = 1 and 


/ := / + +/ , ™app = ^gr+^-^Ct, 7^ £( °A m ) = ^ 2 _ +£ 2/3 /J L 


£ 2 cosh 2 <7 


We obtain 


.2/3-v-P I 


II7 £w a pp /II — ce Il7llc°’“(n e )' 

Now let us introduce the operator M app ■ C°’“(f2 e ) —► C^’ a (fl E ), such that 

Mappif) = Wapp and ||AIapp|| < ce -1 "' 3 , V/3 <E (0,1). 

On the other hand, if we take S sufficiently close to —1 and v and /3 small enough, 
then the operator 


satisfies 


K app := 7 2 C o Mapp ~ Id : C°'“(fi E ) —>■ C°’ a (Sl e ), 


-O^app 1* 


So, Id + 7 Z app is an invertible operator. We denote 

exact •— app ® (lb H - T^app) ? and ° J^-exact — lb. 
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10.2. Conclusion. Using the results of the previous subsection, we conclude that 
there exist constants c € R+ and p, q £ N, such that 

|\Mexact (l 2 H(0)) HgJ.a < £ 5/3- g (-+« ) 

and 

II M exact ( 7 2 QM) || f 2,a < e l/3- P (a+v+« 

This yields that for a, u, /3 and e small enough 

II M exact (y 2 Q(wi)) - M exact (^QM) || £ 2, s < i j| Wl — U^IIgS.o;, 

and Mexact ("f 2 Q{')) is a contracting mapping in the ball 

B e := {wG£ 2 n] a v : HI*,; < } . 

And the result of this article follows from the Banach fixed point theorem. 

References 

[1] A. Fraser and M. Li, Compactness of the space of embedded minimal surfaces with free bound- 
ary in three-manifolds with nonnegative Ricci curvature and convex boundary. J. Differential 
Geom. 96 (2014), no. 2, 183-200. 

[2] A. Fraser and R. Schoen, The first Steklov eigenvalue, conformal geometry and minimal 
surfaces, Adv. Math. 226 (2011), no. 5, 4011-4030 

[3] A. Fraser and R. Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball, 
arXiv:1209.3789v2[MathDG] 

[4] N. Kapouleas and S.-D. Yang, Minimal surfaces in the three-sphere by doubling the Clifford 
torus, Amer. J. Math. 132 (2010), no. 2, 257-295 

[5] O. A. Ladyzhenskaya, N. N. Ural’ceva Equations aux drives partielles de type elliptique . 
1968. 

[6] R. Mazzeo, F. Pacard, D. Pollack Connected sums of constant mean curvature surfaces in 
Euclidean 3 space , Journal fur die Reine und Angewandte Mathematik. 2001. . 115-166. 

[7] J.-C.C. Nitsche, On the boundary regularity of surfaces of least area in Euclidan spaces, 
Continuum Mechanics and related problems of analysis, Moscow 1972, 375-377. 

[8] F. Pacard Lectures on Connected sum constructions in geometry and nonlinear analysis, 
preprint. 2009. 

[9] F. Pacard, H. Rosenberg Attaching handles to Delaunay nodoids , Pacific Journal of Mathe¬ 
matics. 2013. . 266. . 1. . 129-183. 

Abigail Folha - Instituto de Matematica - Departamento de Geometria, Universidade 
Federal Fluminense, R. Mario Santos Braga, S/N Campus do Valonguinho 24020-140 
Niteroi RJ Brazil 

E-mail address: abigailfolha@vm.uff.br 

Centre de Mathmatiques Laurent Schwartz, Ecole Polytechnique-CNRS 
E-mail address: frank.pacard@math.polytechnique.fr 

Centre de Mathmatiques Laurent Schwartz, Ecole Polytechnique-CNRS 
E-mail address: zolotareva@math.polytechnique.fr 


